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The Pattern and Structure Mathematical Awareness Program (PASMAP) stems from a 2-
year longitudinal study on students’ early mathematical development. The paper outlines 
the interview assessment the Pattern and Structure Assessment (PASA) designed to 
describe students’ awareness of mathematical pattern and structure across a range of 
concepts. An overview of students’ performance across items and descriptions of their 
structural development are described. 
 
In the Australian Curriculum: Mathematics (Australian Curriculum, Assessment and 
Reporting Authority, 2010), the Number and Algebra strand highlights the importance 
of mathematical patterns, relationships, abstraction and generalisation, as well as the 
roles of Problem Solving and Reasoning Proficiency strands. Further, the integration of 
measurement and geometry, and statistics and probability brings new opportunities to 
develop a structural approach to mathematics learning. 
 The Pattern and Structure Mathematics Awareness Project has investigated the 
development of patterning and early algebraic reasoning over a series of related studies 
since 2001 (Mulligan, 2011). The project aims to promote a strong foundation for 
mathematical development by focusing on critical underlying general features of 
mathematics learning much earlier than previously thought possible. We suggest that an 
awareness of mathematical pattern and structure enables real mathematical thinking and 
simple forms of generalisation from an early age (Mulligan & Mitchelmore, 2009). 
From 2009 to 2010 we evaluated the effectiveness of a school-entry year-long 
mathematics program promoting patterning and structural awareness. 
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Pattern and structure in mathematical development 
Young children learn mathematical ideas by seeing patterns in an organised way: 
looking for sameness and difference. We call this ‘pattern and structure’. A 
mathematical pattern can be: 
• a simple repetition such as a ‘unit of repeat’—ABC, ABC, ABC; 
• spatial patterns such as 2D and 3D designs, tessellations, transformations; 
• a growing pattern such as a systematic increase or decrease, e.g., triangular 
number pattern 1, 3, 6, 10, 15; or 
• a function where relationship between variables are formed, e.g., table of values. 
Mathematical structure refers to other features such as: 
• numerical structure, e.g., counting in multiples and equal groups; 
• spatial structure, e.g., row and column array; similarity ‘same shape, different 
size’ and congruence ‘same shape, same size’; 
• structure of units of measure; and 
• structural features that lead to abstraction and generalisation, e.g., a + b = b + a  
 Our goal is to develop an assessment and pedagogical framework. In this paper we 
describe the development of the Pattern and Structure Assessment (PASA) interview 
and the broad findings, with some examples of students’ responses. 
Background to the research 
Structure has been a growing theme in research on children’s development of 
mathematical concepts. Mason, Stephens & Watson (2009) believe that the roots of 
mathematical thinking lie in detecting sameness and difference, in making distinctions, 
in classifying and labelling, or simply in “algorithm seeking” Studies of young 
children’s mathematical reasoning have provided complementary evidence of the 
importance of early patterning skills, analogical reasoning and the development of 
structural thinking (Blanton & Kaput, 2005; Carraher, Schliemann, Brizuela, & Earnest, 
2006; English, 2004; Papic, Mulligan, & Mitchelmore, 2011). Recent initiatives in early 
childhood mathematics education, for example ‘Building Blocks’ (Clements & Sarama, 
2007), ‘Big Maths for Little Kids’ (Greenes, Ginsburg, & Balfanz, 2004), and ‘Curious 
Minds’ (van Nes & de Lange, 2007) provide research frameworks to promote ‘big 
ideas’ in early mathematics education.  
 Recent initiatives in early childhood mathematics assessment instruments highlight 
patterning and spatial skills moving beyond early numeracy (van Nes & de Lange, 
2007). Thus in designing PASMAP and an accompanying assessment, we focussed on 
the relationships between children’s patterning skills, structural relationships and the big 
ideas in mathematics. 
Assessment of early mathematical development 
One of the limitations of traditional early mathematics assessment is the use of 
standardised instruments such as I Can Do Maths that do not enable the depth of 
analysis reflected by current research (Doig & de Lemos, 2000). Several effective 
assessment instruments and programs have been developed such as Mathematics 
Recovery (Wright, 2003) or interventions (Gervasoni, 2005). At system level, for 
example, the Count Me in Too Learning Framework in Number (NSW Department of 
Education and Training, 2002) provides support for the assessment and development of 
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children’s counting, arithmetical and measurement strategies. Broader measures of 
mathematical achievement for four to eight year olds have been developed including 
patterns and geometry, measurement and data (Clements & Sarama, 2007). However, 
no assessment instruments incorporate aspects of pattern or related features of 
mathematical structure. 
Method 
A purposive sample of four large primary schools, two in Sydney and two in Brisbane, 
representing 316 students from diverse socio-economic and cultural contexts, 
participated in the evaluation throughout the 2009 school year. At the follow-up 
assessment in September 2010, 303 students were retained. Two different mathematics 
programs were implemented: in each school, two Kindergarten teachers implemented 
the PASMAP and two implemented their standard program. The PASMAP framework 
was embedded within but almost entirely replaced the regular Kindergarten 
mathematics curriculum. The program focused on unitising and multiplicative structure, 
simple and complex repetitions, growing patterns and functions, spatial structuring, the 
spatial properties of congruence and similarity and transformation, the structure of 
measurement units and data representation. Emphasis was also laid on the development 
of visual memory and simple generalisation (for details see Mulligan, Mitchelmore, 
English, & Robertson, 2010). A researcher/teacher visited each teacher on a weekly 
basis and equivalent professional development for both pairs of teachers was provided. 
Incremental features of PASMAP were introduced by the research team gradually, at 
approximately the same pace and with equivalent mentoring for each teacher, over three 
school terms (May-December 2009). Implementation time varied considerably between 
classes and schools, ranging from one 50-minute lesson per week to more than 5 one-
hour lessons per week. 
 Students were pre- and post-tested with I Can Do Maths (ICDM) (Doig & de Lemos, 
2000) in February and December 2009, and September 2010; from pre-test data two 
‘focus’ groups of five students in each class were selected from the upper and lower 
quartiles, respectively. These 190 students were interviewed by the research team using 
a new version of a 20-item Pattern and Structure Assessment (PASA1) in February 
2009, a revised 19-item PASA2 in December 2009 (n=184), and the PASA2 and 
“extension” PASA in September 2010 (n=170). 
 Focus students were monitored closely by the teacher and the research assistant 
collecting detailed observation notes, digital recordings of their mathematics learning 
and work samples, and other classroom-based and school-based assessment data. These 
data formed the basis of digital profiles for each student. The Appendix presents an 
abridged version of two of three PASA assessment instruments.  
The PASA assessment instrument 
The assessment interview sought to complement interview-based numeracy assessment 
instruments such as the Schedule for Early Number Assessment 1 (SENA) (NSW DET, 
2002) by extending counting and arithmetic strategies (addition and subtraction) to 
multiplicative reasoning. Thus many of the items (4, 5, 6, 9, 10, 11, 12), focused on 
multiple counting and patterning, the development of composite units and unitising, 
base ten structure, partitioning and multiplicative reasoning, and combinatorial thinking 
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(English, 1993; Mulligan & Mitchelmore, 1997; Thomas, Mulligan & Goldin, 2002). 
Related to these items were those on the structure of 2-dimensional and 3-dimensional 
arrays (Items 7, 8, 18) and measurement units (Outhred & Mitchelmore, 2000). The 
patterning tasks (Items 1, 2, 15) were based on simple repetitions and were extended to 
include an item integrating multiple counting and emergent functional thinking (Blanton 
& Kaput, 2005; Papic et al., 2011; Warren & Cooper, 2008). The subitizing tasks 
extended those in the SENA 1 (NSW DET, 2002). Items 13 and 14 were based on the 
notion that there are strong links between analogical reasoning and spatial patterning. 
Further, several items required students to draw and explain representations such as the 
structuring features evident on a clockface. 
Discussion of results 
In summary, both groups of students made substantial gains on the ICDM and PASA1 
and 2 across the three assessments with PASMAP students’ overall mean scores higher 
than the regular group. We focus here on the PASA item difficulty and the growth 
between pre- and post-assessment; Figure 1 shows the percentage of correct responses 
by item by assessment.  
 
Figure 1. Performance on PASA1 and PASA2. 
 At the beginning of Kindergarten, 50% or more of students could correctly solve 
eleven of the 19 items. Most impressive was the students’ ability to construct simple 
repetitions (Items 1 and 2), subitize (Item 3a), demonstrate halving (Item 6a), represent 
a 2 × 3 grid from memory (Item 7b), visualise units of volume (Item 8a), share by 
dealing and reformulate a share (Items 9 and 10) and use analogy to reason (Item 13). 
Items 9 and 10 assessed students’ sharing strategies, which proved too easy for most 
students because of the simple context (6 between 2). Consequently the item was 
removed in PASA2. However, a more difficult partitioning item might reveal more 
complex strategies and provide further insight into students’ development of multiple 
counting. The most difficult items were those items involving counting by twos (Item 
4a), partitioning 50 (Item 5), quotition, representing with drawing from memory a 
triangular pattern (Item 15), a clockface (Item 17) and a grid pattern (Item 18).  
 At post-assessment there was marked growth in the responses to most items, 
particularly multiple counting (count by threes) and the related item (16) using count by 
twos and fours. Students participating in PASMAP accounted for much improvement 
shown in multiplicative tasks, possibly because the emphasis on skip counting and 
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border patterns encouraged the development of composite units. Increased AMPS was 
reflected in their drawn responses to Items 15, 17 and 18. PASMAP students had 
opportunities to develop visual memory and the representation of structured units in 
many classroom activities. These students produced more structured representations 
earlier than students in the regular program. Further it was unexpected that students 
would use and explain the structure of units of measure for Item 19, i.e., the smaller the 
unit the more required. At post- assessment Item 3c proved unusually difficult. It was 
apparent that the students relied on unitary counting of a 5 × 5 square and ignored the 
structure. The patterning items were not sufficiently challenging, but it was important to 
examine evidence of understanding the unit of repeat because these patterning tasks 
were critical to assess children’s underlying understanding of pattern and structure. We 
found that solution strategies were similar to those found by Papic et al. (2011) with 
pre-schoolers. At PASA1 the majority of children used direct comparison by copying 
the pattern model and matching blocks one to one from ‘top down’ or ‘bottom up’. This 
strategy was replaced by an alternation, or unit of repeat, strategy by the second or third 
interview.  
 Students using an alternation strategy focused on successive items regardless of the 
complexity of the unit of repeat. The alternation strategy proved successful with simple 
repetitions, but with an increase in task complexity (e.g., an ABB repetition in PASA 2), 
it became ineffective. Students who identified the unit of repeat in the pattern model 
constructed the unit repeatedly showing some form of chunking (i.e., AB or ABB). 
They could then use the unit of repeat to extend the pattern; those who were successful 
typically first identified the unit of repeat and calculated the number of repetitions using 
the language of multiplication. For example, “I need blue, red, red, three times”.  
Categorising responses for stages of structural development 
Analysis of qualitative data, tracking of the ‘focus’ students, indicated marked 
differences between groups in students’ levels of structural development, Awareness of 
Mathematical Pattern and Structure (AMPS.) Students participating in the PASMAP 
program showed higher levels of AMPS than the regular group at post-assessment 3, 
made connections between mathematical ideas and processes, and formed emergent 
generalisations. Broadly, students’ responses to particular items were categorised as in 
previous studies (Mulligan & Mitchelmore, 2009) as follows:  
• Pre-structural: representations lack evidence of numerical or spatial structure. 
• Emergent (inventive-semiotic): representations show some relevant elements but 
numerical or spatial structure is not represented. 
• Partial structural: representations show most relevant aspects but are incomplete. 
• Structural: representations correctly integrate numerical and spatial structural 
features. 
 We looked for evidence that a student had connected pattern and structure. An 
exemplar of students’ developing structural features is now described. We drew on the 
qualitative analysis of a total of 600 drawn responses (Item 7) including approximately 
10% as ‘second attempts’. An independent coder categorised each response for level of 
structural development with reference to each interview script.  
 Figures 2 to 5 show typical examples of developmental features of students’ AMPS 
in response to Item 7. In Figure 2 the student guesses the number of squares as “15” and 
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draws single unit squares in a row (with some replication of shape) without 2-
dimensional structure. Interestingly Figure 3 presents the groupings of 3 and 4 units of 
the grid as a border. Figure 4 shows the structure of the grid but additional units are 
provided, again showing “crowding”. Figure 5 presents accurate alignment of a 3 × 4 
array as the student explains the representation as “3 by 4” rows sequentially drawn.  
 
   
Figure 2.  
Pre-structural 
Figure 3. 
Emergent 
Figure 4.  
Partial 
Figure 5. 
Structural 
Conclusions and implications 
The study shows that a program such as PASMAP that explicitly focuses on the 
promotion of students’ awareness of pattern and structure (AMPS) certainly can achieve 
its aims. Particular gains were noted in the related areas of patterning, multiplicative 
thinking (skip counting and quotition) and rectangular structure (regular covering of 
circles and rectangles). It is not difficult to see how such understanding will be of value 
to students in their mathematics learning in Years 1 and 2. 
 As expected, a focus on pattern, structure, representation and emergent generalisation 
advantaged the PASMAP students. The advanced structural representations elicited at 
post-assessments reflected the learning that occurred during the program 
implementation. However, students in the regular program were also able to elicit 
structural responses but had not been given opportunities to describe or explain their 
emergent generalised thinking that may have been developing. It was not possible to 
determine whether more advanced examples of structural development could be directly 
attributed to the program impact. One of the most promising findings was that the focus 
students categorised as low ability were able to develop structural responses over a 
relatively short period of time. 
 Another aim of the project was to enhance teachers’ mathematical content and 
pedagogical knowledge bases, including an understanding of young students' 
development, skills in assessing and documenting their learning. The participating 
teachers played a crucial role in the review of the PASA and the analysis of stages of 
development. Collaborative, sustained, and productive working relationships among 
school leaders, teachers and the researchers were pivotal to program implementation 
and the quality of the assessment and learning process. The underlying concepts and 
pedagogy required to implement a program of this kind are complex and these have not 
been central to traditional mathematics syllabuses or early mathematics learning 
programs. The PASA can enable a deeper and broader approach to assessment and 
serve to inform a much more challenging framework of mathematical ideas 
commensurate with young children’s potential. It is anticipated that professionals will 
take on this approach with flexibility so that structural relationships across mathematical 
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concepts will be considered seriously, resulting in more holistic and meaningful 
mathematics learning. 
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Appendix 
Table 1. PASA1 and PASA2 assessment instruments. 
Task PASA1 version PASA2 version 
1 Pattern: simple repetition 
Show tower in an ABABAB pattern. Provide 
additional cubes. 
Make a tower exactly the same as this one. 
What do you think comes next? 
Pattern: complex repetition 
Show tower in an ABBABBABB pattern. 
Provide additional cubes. 
Make a tower exactly the same as this one. 
What do you think comes next? 
2 Border pattern (ABAB) 
Provide diagram of 3x4 border and 10 cubes 
(5 each of 2 colours). 
Make a pattern on the border using these 
cubes. 
Border pattern (ABCABC) 
Provide diagram with 4x4 border and 12 
cubes (4 each of 3 colours). 
Do you have the right cubes to make a border 
pattern?Make a pattern on the border using 
these cubes. 
3 Number/subitising 
Flash 5 dot pattern card for one second. Hide 
from view. How many dots did you see? 
Number/subitising 
Flash (2x5) array card for one second. Hide 
from view.  How many dots did you see? 
Flash (5x5) array card for one second. Hide 
from view.  How many dots did you see? 
4 Counting: multiples of 2. 
Count aloud by twos….two….  
Provide numeral track (1-20). 
Now count again and put a circle round the 
numbers as you go. 
Counting: multiples of 3. 
Count aloud by threes….three….  
Provide numeral track (1-21).  
Now count again and put a circle round the 
numbers as you go. 
5 Ten as unit 
Show opaque box containing five 10c coins. 
I’ve got some coins in this box. They are all 
10c coins like this. Show one 10c coin.  
There is 50c in the box altogether. How many 
10c coins are in the box? 
Ten as unit 
Show opaque box containing ten 10c coins.  
I’ve got some coins in this box. They are all 
10c coins like this. Show one 10c coin.  
There is $1 in the box altogether. How many 
10c coins are in the box? 
6 Length: halves and thirds. 
Show 50cm paper streamer. 
I need to cut this streamer into 2 pieces the 
same size. Where should I cut it? 
Now I need to cut this streamer into 3 pieces 
the same size. Where should I cut it? 
Length: thirds and quarters 
Show 50cm paper streamer. 
I need to cut this streamer into 3 pieces the 
same size. Where should I cut it? 
Now I need to cut this streamer into 4 pieces 
the same size. Where should I cut it?  
7 Visual Memory Grid (2x3 in PASA1 and 3x4 in PASA2) 
Provide Student Recording Sheet, pencil and eraser. 
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I’m going to show you a card quickly. Look carefully and tell me how many small squares 
there are. Show Grid Card face up for one second. Cover. Draw exactly what you saw. 
8 Visualisation/Volume/Unitising 
Provide net of open box (2x2x1 – PASA1 and 2x2x2 – PASA2) and one multilink cube. 
Imagine this shape folded up to make a box. How many cubes like this would fill the box 
without any spaces left? 
9 Sharing 
Provide 2 teddies and 6 counters.  
Share all these biscuits between the 2 teddies. 
Make sure each teddy has the same. 
No equivalent task in PASA2 
10 Sharing: reformulation 
Provide an extra teddy. Now share these 
biscuits between the 3 teddies. 
No equivalent task in PASA2 
11 Combinatorial: multiplication 
Provide a card showing outlines of 4 teddy 
bears, cut outs of 4 tops (in 2 colours) and 4 
pants (in 2 colours). 
How many bears can you dress so that no 
bears are dressed the same? 
Combinatorial: multiplication 
Provide a card showing outlines of 8 teddy 
bears, cut outs of 8 tops (eg. 3 red, 3 pink & 2 
purple) and 8 pants (eg. 4 blue & 4 green). 
How many bears can you dress so that no 
bears are dressed the same? 
12 Quotition: division 
I have $10 in coins. I want to give some children $2 each. How many children can I give $2 to? 
13 Analogical Reasoning 
Your hand goes with your arm in the same way as your foot goes with your …. 
14 Analogical Reasoning and Transformation 
Place the card with three arrows in front of the student. Make sure “TOP” is up. 
Show me which way you think the arrow will go next? And which way after that? Can you tell 
me why you think that? 
15 Provide Student Recording Sheet & pencil.  
I’m going to show you a pattern on this card quickly. Flash triangular 6-dot pattern for one 
second. Draw exactly what you saw. (PASA2 addition) - Draw what you think comes next. 
16 Picture graph: functional thinking  
Show student card with four dogs briefly. Ask, How many ears altogether on 1 dog? 2 dogs? 3 
dogs? whilst uncovering each dog. Leaving 4th dog covered ask  
a) How many ears on 4 dogs altogether? 
Cover card. Repeat process with “legs” up to 3 dogs without revealing 3rd dog. 
b) How many legs on 3 dogs altogether? 
17 Time: analogue clock face (hour) 
Provide Student Recording Sheet and pencil.  
Someone started drawing a clock, could you finish it for me? 
18 Area: unitising 
Provide Student Recording Sheet and pencil.  
Someone has started to draw some small squares to cover this shape. (Point to whole shape.)  
Finish drawing the squares. (Point to the space.) 
19 No equivalent task in PASA1 Volume: Show 3 cups of varying size.  
How many small cups of water are needed to 
fill the big cup? Medium sized cups?Why?  
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